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Abstract--A vortex dynamics calculation of a turbulent jet has been used to study the behavior of discrete 
particles in an unsteady shear flow. Both axisymmetic and three-dimensional calculations have been 
performed. It was found that the three-dimensional code did not show significantly different behavior in 
terms of azimuthal particle disperion from the axisymmetric code under the thin vortex assumption. 
The full equation for particle dynamics was integrated through the flow field and the results were compared 
to a calculation which used only the drag force. It was found that the dispersion of droplets was 
underestimated typically by 25% by the simple approximation, with the greatest errors incurred for large 
droplets under high-pressure combustor conditions. 
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1. I N T R O D U C T I O N  

Many devices, including liquid-fueled rocket engines, afterburners, gas turbine combustors, 
industrial furnaces and diesel engines, utilize heterogeneous or two-phase combustion. Generally, 
two-phase combustion involves a liquid hydrocarbon fuel which is injected into a hot, high-pressure 
gas such as air. The injected fuel stream breaks into drops which begin to vaporize. Numerous 
models have been developed over the years to predict the behavior of heterogeneous systems (Faeth 
1983). Because most of the particles in a typical spray have diameters > 10/~m (Kuo 1986), transfer 
processes between the liquid and gas should be considered. Many models treat the liquid phase 
in a Lagrangian fashion, while the gas phase is modeled in a Eulerian manner. Correlations are 
implemented to account for mass, momentum and energy transfer between the phases. While most 
models employ simple drag laws for the droplets, many models differ in their treatment of the gas 
phase. Deterministic models neglect the effect of turbulence on drop dispersion, while stochastic 
simulations account for turbulent intensities and length scales (Kuo 1986). 

An approach common to many models of spray processes is the use of a modified particle 
equation that was originally derived by Bassett and others for Stokes flow. The equation includes 
a term that accounts for flow unsteadiness, viz. the Bassett term. One of the most complete versions 
of this equation for low Reynolds number (Re) motion of particles in a nonuniform flow was 
derived by Maxey & Riley (1983). Corrections for larger Re are usually applied by spray modelers 
(Faeth 1983), very often with the approach of Odar & Hamilton (1964) who applied a Re and 
acceleration number correction to the Stokes terms in the equation of particle motion. Although 
spray modelers adopt this form of the equation, they frequently neglect all effects except drag, 
following order of magnitude estimates of the relative contributions of the various terms. 

In order to examine some of the simplifications commonly made in spray models, the transition 
region of a jet was modeled deterministically using a vortex dynamics code. A general equation 
of motion for particles in an unsteady, nonuniform flow was utilized to track the particle's motion. 
Since the vortex dynamics code was capable of simulating three-dimensional flow fields, the effect 
of circumferential fluctuations on particle dispersion was examined. Differences in the particle 
dispersion curve at different pressures and drop diameters were used to determine the importance 
of the Basset, virtual mass and fluid forces. These forces account for the effect of unsteadiness and 
nonuniformity of the flow field on a particle's motion. Furthermore, the effect of varporization and 
the Basset, virtual mass and fluid forces on particle dispersion was investigated under a typical 
combustor condition of 20 bar and 1500 K. 

559 



5 6 0  D. HANSELL et aL 

2. BACKGROUND 

Flow field 
The predominance of ring-like structures in the transition region of the round jet suggests that 

this flow can be modeled by periodically releasing rings with small amplitude helical disturbances 
near the nozzle exit. A numerical simulation of this type of flow can be done in various way but 
the presence of ring-like structures indicates that vortex dynamics offers the advantage of tracking 
the relevant parts of the fluid without requiring the discretization of the complete flow field (Chorin 
1980; Leonard 1985). The present method is based on the inviscid Navier-Stokes equations written 
in terms of vorticity to: 

Dco 
D---t = (co. V)u, [1] 

where 

D 8 
_= + (u.V) [2] 

Dt ~t 

denotes the substantial derivative. The velocity u follows from the relation 

V2u = - V  x co [3] 

and can be given explicitly in the absence of boundaries. If the vorticity is concentrated in thin 
filaments, then the velocity that is induced by the filaments can be calculated from the Biot-Savart 
integral obtained by solving [3]. The integral is known to diverge for filaments of zero thickness 
and the structure of the filaments must be taken into account in order to obtain acceptable values 
for the induced velocity. Several approximations are available (Chorin 1980; Anderson & 
Greengard 1984; Leonard 1985) for thin filaments. The present method assumes thin filaments with 
circular cross sections and employs Rosenhead's method (Leonard 1985; Lundgren & Ashurst 
1989), where the integrand is modified to remove the singularity: 

r f tx-r(s)l x tos)f r  
u(x, t) = --~n Jc ( ~ - ~  27 ~-~/2 ds. [4] 

The circulation of the filament is denoted by F and r(s) is the position of the centerline of the 
filament with arclength s. The parameter/~ > 0 accounts for the structure of the filament in an 
approximate manner (Leonard 1985). Moore (1972) showed that # should be proportional to the 
local core radius a: 

t x = ~ li2a" [ 5 ]  

where ~ is a nondimensional parameter which reflects the vorticity distribution in the core of the 
filament. For a uniform vorticity distribution, ~ ~ 0.22. 

The thin filament approximation that we have used has several limitations. For instance, it 
predicts excessive growth rates for short-wavelength disturbances and energy is not conserved when 
core overlap occurs (Ashurst & Meiburg 1988). It simulates the dynamics of inviscid flows and 
cannot represent the viscous reconnection of filaments which is typical of turbulent flows at high 
but finite Re. Therefore, the thin filament approximation can be used to represent the vortices that 
are formed in the initial region of a jet as long as disturbance wavelengths are large and core overlap 
and viscous reconnection are not significant. 

Nonvaporizing particles 
The modified BBO equation, due to Basset (1888), Boussinesq (1903) and Oseen (1927), was 

derived for spheres accelerating at low Re (Stokesian motion). Most gas particle interactions, 
however, occur at larger Re, where the convective acceleration terms in the Navier-Stokes equation 
are important. In an effort to incorporate the effect of convective acceleration of the gas 
surrounding the particle, Odar & Hamilton (1964) modified the Stokes drag, virtual mass and 
Basset terms. Equation [6] illustrates the modifications made by Odar & Hamilton (1964). The 
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derivatives d/dtp and D/Dt6 appearing [6] were taken following the particle and the gas, 
respectively: 

du. 3CDP_PqluG_UpI(U G Up) ' lP--~G'~tp(UG--Up)-+ pcDUG 
dt = 4d pp - -v 2 pp t~! "pp Dt---G 

d(UG - Up)  

t dtp dt+(PG--1)g, [6] +9~G(~)I/2cBft ° ( /  ,t.)l/2 \ p p  

where CD, CI and Cs are the drag, virtual mass and Basset coefficients, respectively. Subscripts p 
and G refer to the particle and gas phase respectively. The densities of the particle and the gas are 
represented by pp and Po. Generally, CI and CB are functions of the particle Reynolds number, 
Re, and the acceleration number, An, defined below (Faeth 1983): 

Re = lUG -- Up {d [7] 

and 

I d(UG -- Up) 

An = ~t~p d. [8] 
l u o - u p l  2 

The kinematic viscosity of the gas is v and the particle diameter is d. Odar & Hamilton (1964) found 
that the functions CI and CB were functions of An only for the conditions of their experiments, 
i.e. Re < 62 and for a simple harmonic motion. Correlations for CD (Putnam 1961), CI and CB 
(Odar & Hamilton 1964) are given below: 

Ree24 ( Re2/3"~_ CD = 1 + ---if--) Re < 1000, [9] 

0.132 An 2 
CI = 2.1 (1 + 0.12 An 2) Re < 62 [10] 

and 

0.52 An 3 
CB = 0.48 + (1 + An) - - - - - ~ 3  Re < 62. [11] 

Using [6]-[11], the non-Stokesian motion of a rigid, spherical particle in a unsteady, nonuniform 
flow can be tracked deterministically. Athough simplified forms of this equation widely applied to 
spray calculations some potential uncertainties should be indicated. 

Some theoretical objections to the BBO equation can be raised. For example, on the basis of 
an asymptotic analysis of the unsteady Navier-Stokes equation, Ockendon (1968) pointed out that 
unless the time scale of the unsteadiness was sufficiently large, then an expansion in terms of Re 
was invalid. For a 50/~m dia drop in air, the time scale of the unsteadiness would need to be of 
the order of 10 I/2/gs or less in order for this situation to pertain. For the time scales that we might 
encounter in the jet flow, the usual unsteady Stokes solution will be valid at small Re. 

However, at higher Re the situation is uncertain. The Re values in the present simulations span 
a large range and fluctuate with time. The smallest Re are encountered with the 25/gm droplets. 
Their Re values do not rise above about 5. For all other cases, except 150/~m droplets at 20 bar, 
Re values vary between 0-30. The largest Re values occur with the 150/~m drops at 20 bar. Near 
the nozzle these drops exhibit Re values of around 50-80 and further downstream the Re values 
vary between 100-200. 

Although the modified BBO equation with the coefficient of Odar & Hamilton (1964) is widely 
used in spray models, its validity, in particular the unsteady terms, is not generally accepted. Cliff 
et al. (1978) state that there is no a priori justification for the use of an equation of the form of 
[6]. However, they cite data from experiments on droplets falling from rest in a quiescent fluid which 
indicate that a reasonably good agreement with [6] can be achieved. Odar (1966) arrived at a similar 
conclusion. On the other hand, Karanfilian & Kotas (1978) found that the modified unsteady 
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Stokes equation did not correlate their experimental data very well. Their experiments examined 
the forces on a sphere in an oscillating flow at moderately high Re. It seems that the nature of 
the flow plays some role in determining the validity of [6]. The simulations that are presented here 
combine aspects of both flow situations. The particles are released with a velocity that matches that 
of the flow field. Further downstream, the turbulence may tend to approximate a simple harmonic 
motion. Therefore, some uncertainty surrounds the precision of the various terms in the modified 
BBO equation as a result of Re values that are significantly > 1. Nevertheless, given the wide use 
of this equation in spray models, it is worth examining the importance of each term under realistic 
turbulent conditions. 

Vaporizing particles 

Most heterogeneous spray applications occur at elevated temperatures, where the effect of 
vaporization on drag must be considered. Yuen & Chen (1976) found that vaporization affects drag 
in two ways. First, the temperature and concentration gradients between the drop surface and the 
ambient gas cause substantial reductions in the absolute viscosity of the gas, which decreases 
friction drag. Second, vaporization affects the boundary layer surrounding the drop. This effect, 
called "blowing", reduces friction drag and increases form drag. In order to account for both 
variable properties and blowing, Renksizbulut & Yuen (1983) proposed the following correlation 
for the drag coefficient: 

24 
CDv -- ~eem (1 + 0.2 Re~63)(1 + Bf) -°z 10 < Re < 300, [12] 

where Re m and Bf are the mean Reynolds number and the mass transfer number at the film 
condition, respectively. The mean mass transfer number is 

8f  = c ~ r ( r .  - r , )  
Ls ' [13] 

where Ls is the latent heat of vaporization of the drop at surface temperature Ts and Cpr is the 
specific heat of the vapor and air mixture at the film condition. The mean kinematic viscosity, v, 
is equal to I~dp~, where p~ is the density of the gas at temperature T~o at infinity, and/~f is the 
absolute viscosity of the vapor and gas mixture at the film condition. 

The droplet diameter, d, is a function of time and is calculated using 

2 dm 

d(d) dt 
- -  - - -  [ 1 4 ]  

dt np~d 2 ' 

where m is the instantaneous particle mass. Balancing the heat transfer by convection to the drop 
surface with the heat required to vaporize the drop, the rate of change of particle mass with time 
is given by 

dm 
= n d  Nufkr (T~ - T~), [15] 

dt L~ 

where Nuf and kr are the Nusselt number and thermal conductivity at the film condition, respectively. 
Equation [15] was obtained by assuming that the temperature in the drop was T, and invariant 
in both space and time. Finally, Renksizbulut & Yuen (1983) developed a correlation for Nuf: 

Nuf = (2 + 0.57 Re~ 5 Prr°'33)(1 + Bf) -0"7 10 < Re m < 2000, [16] 

where Prr is the Prandtl number evaluated at the film condition. Using [6] and [12]-[16], the 
non-Stokesian motion of a vaporizing drop in a unsteady, nonuniform flow can be tracked. 

3. METHODS 

Normalized variables 

In order to generalize the flow computation, all length scales, velocities and times were 
nondimensionalized by the jet radius, R, the jet exit velocity, Ue, and R/Ue, respectively. Thus, the 
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circulation, F, in [4] was nondimensionalized by Uo and R. In all sections where the flow field is 
discussed, the flow field parameters will be in nondimensional form unless otherwise specified. 
Variables for the particle computations were left in a dimensional form to reduce the complexity 
of the discussion. 

Flow field 

The transition region of a 0.0254 m dia air jet with an ReD of approx. 30,000, as in Crow & 
Champagne (1971), was modeled both axisymmetrically (no azimuthal disturbances) and three- 
dimensionally. To reproduce the large-scale behavior of the transition region, a model was utilized 
which consisted of upstream, transition and downstream regions. The upstream region simulated 
the effect of the flow field in the nozzle on the transition region's vortices; it extended from a 
nondimensional axial distance of 2 inside the nozzle to the nozzle tip. The downstream region 
contained large axisymmetric vortices which were formed by combining the distorted groups of 
vortices at the end of the transition region. These large vortices had approximately the same effect 
on the transitional vortices as the original group, but required less computational effort. The 
computational time in the axisymmetric simulation was at least an order of magnitude less, so 
combination was unnecessary. 

Nonvaporizing particles 

Equations [7]-[11] and [17] were used to solve for the trajectory of a nonvaporizing, rigid sphere 

dxp 
d-~- = lip,  [17]  

in which Xp is the particle position. 
The gas velocity was calculated by summing [4] over all filaments in the upstream transition and 

downstream regions. The derivatives appearing in [6] were estimated using first-order differences 
for both temporal and spatial derivatives. A spatial increment of 10-4R (R is the jet radius) was 
chosen because it provided satisfactory convergence of the spatial derivatives, while the temporal 
increment was based on the flow time step. The air density was evaluated using the ideal gas 
equation of state and the particle density was assumed to be constant. The kinematic viscosity in 
[6] and [7] was computed using the air density and a temperature-dependent correlation for the 
absolute viscosity of air. The gravitational constant was 9.81 m s -t and acted along the jet axis. 
The jet flowed downwards. 

Equations [6] and [17] were solved for Xp using an SPC (simple predictor-corrector) method in 
the three-dimensional jet simulation and an APC (Adams predictor-corrector) method in the 
axisymmetric jet simulation. The same flow time step was used in both methods and an SPC was 
used to start the APC. Since both the SPC and APC methods had implicit correctors, the 
determination of the particle acceleration, dup/dt, at the next time t + 6t was necessary. However, 
this was not straightforward since the fourth term on the right-hand side of [6] was singular at ~ = t. 
Furthermore, this term contains dup/dt under the integral sign, making [6] implicit in Up. The 
particle's acceleration was taken as a linear function whose slope was computed from its 
acceleration at T and z - fit. Corrections were repeated until the difference between the corrected 
acceleration and the previous acceleration was within 0.1%. 

The effect of circumferential fluctuations on particle dispersion was examined using rigid, 50 #m 
particles in a I bar, 300 K, air jet. The jet was modeled three-dimensionally, and its density, absolute 
viscosity, exit velocity and diameter were 1.18 kg m -3, 1.85 x 10 -5 kg m -~ s -t, 16.6m s -~ and 
0.0254 m, respectively. The particles each had a density of 700 kg m -3 (octane's density at 300 K) 
and were released at axial and radial coordinates of 1.0R and 0.7R, respectively. At this point the 
turbulence intensity was low, ensuring approximately the same initial Re for all particles. To impose 
as little slip as possible, the particles were released at the jet exit velocity. One particle was released 
into the flow field at a period of roughly 0.04 from a time of 25, until 213 particles were released. 
Only the drag and buoyancy forces were included in the force balance for the three-dimensional 
case in order to reduce the computational effort. Finally, the importance of circumferential 
fluctuations on particle dispersion was qualitatively examined by visually comparing circumferen- 
tial dispersions to radial dispersions at the end of the transition region. 
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The effects of the virtual mass, Basset, fluid and buoyancy forces on particle dispersions were 
examined with the axisymmetric calculation using the particle density, initial particle position and 
air absolute viscosity discussed in the previous paragraph. Six cases were run using different 
diameters and gas pressures. Elevated pressures introduce some additional complexities in that a 
number of variables change values, e.g. density and kinematic viscosity. Therefore, we have chosen 
to maintain a constant jet momentum and diameter of 323 N m -2 0.0254 m, respectively. Thus, 
as the pressure increased, the jet exit velocity decreased and ReD increased. However, the structure 
of the transition region, as given by its instability wavelength and boundary layer thickness, 
was held constant even though its length normally decreases with increasing ReD (Yule 1978). 
The transition region's structure was not changed in order to reduce the number of variables in 
the problem and the computational complexity. 

Three of the cases were run at 1 bar, v = 1.5716 x 10 -5 m 2 s -~ and U~ = 16.56 m s -l, with particle 
diameters of 25, 75 and 150 pm. Additionally, three cases were run at 20 bar, v = 7.8578 x 10  -7  m 2 
s -~ and U~ = 3.70 m s -l with the same particle diameters as used in the 1 bar cases. In each case, 
two particles were released at alternate time steps. The first particle's force balance had only drag 
and buoyancy forces (termed the type I method), while the second particle's force balance included 
drag, buoyancy, virtual mass, Basset and fluid forces (termed the general method). The particles 
were released into the flow starting from a time of 30 because the flow in the jet's transition region 
was sufficiently steady after this time. Finally, each particle was allowed to interact with the flow 
for a period of 20, giving the particles enough time to pass through the transition region. The effects 
of the virtual mass, Basset and fluid forces were found by comparing dispersion curves for the type 
I and general methods. Furthermore, the importance of these forces and the buoyancy force relative 
to the drag force was examined by comparing the ratio of the average Basset, virtual mass, fluid 
and buoyancy forces to the average drag force for the first particle released in each of the six cases. 

Vaporizing particles 

The same set of equations were solved for vaporizing droplets with the addition of the mass 
transfer calculations. The evaluation of fluid properties, however, was more difficult in the 
vaporizing case due to the concentration and temperature gradients in the boundary layer. Gas 
properties were found in White (1984) and Beaton & Hewitt (1989) for octane at 1500 K and 20 bar. 
The thermal conductivity and absolute viscosity of the air-octane mixtures at film conditions were 
derived using mixing relationships that may be found in Kanury (1975). Gas densities were 
evaluated using the Hankin-Brobst-Thomson technique (Reid et al. 1987). 

To examine the effect of vaporization on particle dispersion and on the virtual mass, Basset, fluid, 
drag and buoyancy forces, vaporizing octane particles were released into a 1500 K, axisymmetric 
air jet whose efflux of momentum was 323 N m -2. A typical combustor pressure of 20 bar was used. 
The particle release rate, initial location, time of flight and data analysis were the same as used 
for the nonvaporizing particles. The particles initial velocity was also equal to the jet exit velocity. 
The particle diameter was initially 150 #m and it was removed from the flow field when its diameter 
was < 10 #m. 

Statistics 

In the three-dimensional simulation, both the flow field and particle computations were performed 
simultaneously. The flow field and particle computations were not performed separately because 
the storage requirements for the three-dimensional flow field were greater than the available 
resources. In the three-dimensional jet simulation, root-mean-square (RMS) velocity, Reynolds 
stress and mean velocity profiles at axial locations of 1.0D, 2.0D and 3.0D were determined to 
evaluate the jet model. The trapezoidal rule was used for averaging, and the jet exit velocity was 
used as a normalizing factor for all statistical values. The axial, radial and circumferential velocities 
were sampled every time step and a nondimensional time of 25-40 giving 565 samples. 

In order to compute the radial dispersion of a group of N particles at a time of flight, tr (s), we 
used 

N 

[rj(tr) - rj(0)] 2 
DR(tt) =:=1 [18] 

N 
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where D R is the radial dispersion in mm 2, rj is the radial location of the j th  particle in mm at tf 
and rj(0) is the initial radial location of the j th  particle; 250 particles were used at each time of 
flight. It should be recalled that the vortex dynamics calculation is not a stochastic simulation and, 
therefore, the term "statistics" is applied in the sense that an adequate number of particle must 
be used to define the behavior within one or two of the large vortices. Many more particles will 
only provide redundant information. In fact, some calculations were performed with twice the 
number of particles and the dispersion was found to change by < 1%. For example, the dispersion 
of 250 particles (50 #m dia and 1 bar pressure) at long times of flight (x /D ~ 10) was 207 mm2; 
the dispersion of 500 droplets under identical conditions was 210 mm 2. 

To determine the ratio of the average virtual mass, fluid, Basset and buoyancy forces to the 
average drag force, dot products ofdup/dt with each of the terms on the right-hand side of [6] were 
taken. This gave the instantaneous value of each term in the direction of dup/dt. The magnitude 
of each term was averaged using the trapezoidal rule until the particle had passed a particular axial 
location which was chosen to ensure that all particles followed approximately the same path. The 
averaged Basset, virtual mass, fluid and buoyancy terms were then divided by the averaged drag 
term to give a force ratio. This force ratio could be used to determine the importance of the Basset, 
virtual mass, fluid and buoyancy forces in comparison to the drag force. 

4. RESULTS AND DISCUSSION 

Flow field 

Figures l(a-f) illustrate the temporal and spatial development of the vortices in the three- 
dimensional simulation of the transition region. The thickness of the vortices is not shown in the 
pictures. These pictures show how the vortices coalesce and the helical disturbances grow and 
entangle as time progresses. Three coalescing regions are present from 0.5D to 3.5D, which agrees 
with the observations made by Yule (1978). The first combination occurs at approx. 1D, as shown 
by the 2 rings at 1.0D in figure l(a). This group then combines with either 1, 2 or 3 rings to form 
a group of 3-5 rings, as illustrated by the groups centered at 1.75D and 1.5D in figures l(a) and 
(c), respectively. The final combination involves groups of 3-5 vortices and occurs between 2D and 
3.5D. This coalescence is illustrated in figure l(c), where the groups at 1.75D and 2.5D in figure 
l(a) come together at 3.0D. The large group located at 3.5D in figure l(e) is the result of the 
this last combination and corresponds to the puffs of smoke which were observed in Crow & 
Champagne's (1971) jet. 

Test o f  the particle method 

To test the method for solving [6] and [17] numerically, a theoretical solution of [6] for a 
uniform flow undergoing oscillatory motion with a frequency o~ was utilized (Hjelmfelt & 
Mockros 1966). This solution of [6] was based on a Stokesian interaction between the particle and 
the gas (CD = 24/Re, Ca = 1, and CI = 1), where buoyancy was neglected. Hjelmfelt & Mockros 
(1966) discussed three types of approximations: approximation I neglected the Basset term; 
approximation II neglected both the Basset and virtual mass terms; and approximation III only 
included Stokes drag. In their analysis they made comparisons of the effect of the various 
approximations on the phase lag and amplitude response between the particle and gas 
velocities. Figure 2 illustrates a comparison of the present numerical scheme and theoretical 
solutions of [6] for Pp/PG = 20.0. The abscissa of figure 2 is the Stokes number, Ns = (vo~-~d-2) ~a. 
This graph illustrates the excellent comparison between the numerical and theoretical solutions for 
all cases, including the general case where all terms are included. Figure 2 also illustrates that 
approximation I (neglecting the Basset term) produces deviations from the general case for most 
Stokes numbers. 

Although this test does not evaluate the spatial derivatives, the buoyancy term, C~, CB and CD, 
it does test many of the methods used to solve [6] and [17], including those used to solve the Basset 
term. Computing the implicit and singular Basset term was considered the major difficulty in the 
solution of [6]. 
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Figure l(a-f) .  Circumferential and radial dispersion of rigid, 700 kg m -3, 50/am particles at 1 bar in 
300 K air at nondimensional times: (a, b) 30.75; (c, d) 33.77; (e, f) 36.72. Particles are shown as circles, 

vortices as lines. 
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Figure 2. Comparison of the numerical and theoretical solutions of the droplet equation of motion for 
the velocity amplitude ratio of a discrete particle in a uniform, oscillatory flow. Density ratio of 20. 
+ ,  Numerical solution of the general equation; , theoretical solution of the general equation; 
O, numerical solution with the type I approximation; - - - ,  theoretical solution with the type I 

approximation. 

Circumferential dispersion 
Figures l(a-f) illustrate both radial and circumferential particle dispersion in the three- 

dimensional simulation of the transition region. In the figures, x, y and z are the axial, radial and 
circumferential coordinates, respectively. Figures l(a, c, e) are side views of the vortices and 
particles at several different times. Figures l(b, d, f) are frontal views of the same vortices and 
particles in the axial range from 2.0D to 5.0D at the same time. Figures l(c, e) indicate that the 
final coalescence and the large group of rings that results are primarily responsible for the radial 
dispersion of particles. As the group of 5 rings at 1.75D in figure l(a) passes through the rings at 
2.5D, it accelerates both axially and radially. A few of the particles are pulled along, as seen in 
figure l(c) at 2.5D. Most are left behind, however, due to their inertial resistance to fluid 
accelerations, as indicated by the group of particles at 3.0D in figure l(e). Because the fluid velocity 
in the region between the large groups of vortices is small, the group of particles at 3.0D in figure 
l(e) will decelerate. This group will then be dispersed radially away from the jet by the group of 
vortices at 2.0D in the same figure, like the group of particles at 4.5D. From this observation a 
two-step process for particle dispersion in the transition region may be postulated. In the first step, 
particles are stranded by the final coalescence in the regions of low velocity behind and in front 
of the coalescing rings. These stranded groups of particles are then dispersed radially away from 
the jet by the next passing group of vortices. 

Figures l(b, d, f) indicate that the circumferential dispersion of particles is insignificant down to 
at least 5.0D. The result is not surprising since both the mean and RMS circumferential velocities 
are small, indicating that the instantaneous circumferential velocities are small. The simulations 
produced circumferential turbulence intensities (relative to the jet exit velocity) of around 5% at 
20D. The radial intensities were considerably higher, in accord with the results of Yule (1978) who 
found that the two components did not approach each other to within 15% until about 4.0D 
downstream. Furthermore, the time scale of the circumferential fluctuations is small, giving the 
particles little time to develop appreciable circumferential velocity. 

Basset, virtual mass, fluid and buoyancy forces 
Figures 3(a) and (b) illustrate the effect of drop diameter and the type I approximation on radial 

dispersion at 1 and 20 bar, respectively. These figures show that dispersion levels off as the time 
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Figure 3. Effect of particle diameter, pressure and the type I approximation on radial dispersion of rigid, 
700 kg m -3 particles in 300 K air at pressures of: (a) 1 bar, (b) 20 bar. - - ,  Dp = 25/~m, general equation; 
+, Dp = 25/tin, type I approximation; - - - ,  Dp = 150 #m, general equation; O, Dp = 150 #m, type I 

approximation. 

of flight becomes large for the 25 #m dia particles at 1 bar and all particle types at 20 bar. 
Dispersion levels off for these particles because they are briefly captured by the large groups of 
vortices at the end of the transition region and are dispersed or flung to regions beyond the mixing 
layer where the jet momentum is small (Chung & Troutt 1988). This process is identical to the 
two-step procedure discussed under Circumferential dispersion above, where particles are stranded 
in the low-velocity regions in front of and behind the last coalescence and then pushed away from 
the jet by the next passing groups of vortices. Figures 4(a--c) illustrate the 25, 75 and 150 #m particle 
locations at the last time of flight at 1 bar for the general case, while figures 5(a--c) show the last 
time of flight at 20 bar. 

Chung & Troutt (1988) found that particles which were dispersed beyond the mixing layer in 
the region of the last coalescence had 7-values of order 1, where ~ is the ratio of the particle 
aerodynamic response time, % = ppd2/18 #, to the flow characteristic time scale, ~ --- D/Ue. Chung 
& Troutt's (1988) observation was verified at 1 bar for the cases studied here. At 20 bar, however, 
the 150 #m dia particles whose value of y was not of order 1 (y = 6.86 for the 150 #m dia particles 
at 20 bar) were also flung from the jet by the last coalescence, as illustrated in figure 5(c). This was 
a result of the fact that these particles had average Re values which were well beyond Stokes range 
due to the flow's kinematic viscosity. Since ~p was derived assuming Stokes flow, it is reasonable 
to expect that y is an invalid indicator of particle dispersion behavior at high pressures, especially 
for the large particles. 

The quasi-linear dispersion curves for the 75 and 150 gm dia particles in figure 3(a) indicate that 
these particles are not dispersed beyond the mixing layer. This is further illustrated in figures 4(b) 
and (c), which show that the 75 and 150 #m particles travel downstream in large groups and are 
not thrown from the jet in the region of the last coalescence. According to Chung & Troutt (1988), 

= 7.7 and 30.8 for the 75 and 150 #m particles at 1 bar. Therefore, they have little time to react 
to the large structures at the end of the transition region. 

Figure 5(c) illustrates that roughly three-quarters of the 150#m dia particles at 20bar are 
dispersed beyond the mixing layer, while one-quarter remain in the jet. Furthermore, comparing 
figures 4(b) and 5(c) for the 75 #m particles at 1 bar and the 150 #m particles at 20 bar, it is seen 
that the dispersion behavior is clearly different, even though these particles have similar ys. Once 
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Figure 4. Particle locations at the last time of flight shown in figure 3(a) for the general equation for particle 
diameters of: (a) 25 #m; (b) 75 #m; (c) 150/zm. 

again this illustrates that the use of ~ as an indicator of whether the particles will be dispersed 
beyond the mixing layer or remain in the jet is only valid at low pressures or when the particle 
Re is small. 

Comparing the type I approximation to the general case in figures 3(a, b) for each particle size, 
it can be seen that the inclusion of the Basset, virtual mass and fluid forces has little effect on the 
shapes of the dispersion curves. The type I approximation, however, underpredicts dispersion 
slightly at all flight times for the 75 and 150/~m particles at 1 bar, as illustrated in figure 3(a). For 
the 150 #m dia particles at 20 bar, dispersion is underpredicted by the type I approximation at all 
times of flight investigated. Figures 6(a, b) illustrate the relative difference between dispersion 
predicted by the type I approximation and that given by the general case for each particle size. 
These figures show that neglecting the Basset, virtual mass and fluid forces can cause significant 
errors in dispersion at both low and high pressures, especially for large particles. 

The largest relative differences between the type I approximation and the general case occur when 
the time of  flight ranges from 0.0 to 0.002 s at 1 bar and from 0.0 to 0.01 s at 20 bar, as shown 
in figures 6(a) and (b), respectively. In these ranges, the particles are within 2.0D of the nozzle where 
the drag force is low (and the Re values are low) and the frequency of relative motion between 
the particle and the gas, fr, is high. When f ,  is high, the Basset, virtual mass and fluid forces can 
be large (Hjelmfelt & Mockros 1966; Lazaro & Lasheras 1989). The combination of large Basset, 
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Figure 5. Particle locations at the last time of flight shown in figure 3(b) for the general equation for 
particle diameters of: (a) 25/~m; (b) 75/am; (c) 150/~m. 

virtual mass and fluid forces and small drag force explains why the relative difference between the 
type I and the general case is large in the near-nozzle region. Comparing figures 3(a) and 6(a), and 
figures 3(b) and 6(b), it can be seen that even though the error incurred using the type I 
approximation is high at small flight times or in the near-nozzle region, dispersion is also low. This 
indicates that neglecting the Basset, virtual mass and fluid forces will cause, in fact, little error in 
the actual value of dispersion in the near-nozzle region. 

The results that were presented in the previous paragraphs indicate that the inclusion of the 
Basset, virtual mass and fluid forces in a particle's force balance is most important for large particles 
at both 1 and 20 bar. This result is not surprising in view of the relative orders of magnitude of 
the various terms. However, the potential error has been quantified for the first time with this 
simulation and shown to be around 40% in terms of the dispersion. An analysis of the average 
magnitude of the various additional forces compared to the drag force showed that the Basset force 
was the dominant term at 1 atm but at 20 atm the fluid, buoyancy and virtual mass forces were 
of comparable importance to the Basset force, especially for the larger particles. 

Vaporizing particles 
Figure 7 shows the effect of the type I approximation on radial dispersion for vaporizing, 150 #m, 

octane particles in 1500 K air at 20 bar. Particles disperse parabolically up to a flight time of 6.5 ms. 
After this time the dispersion curve becomes nonparabolic because the particles are undergoing 
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complete vaporization (complete vaporization was determined to occur when the particle diameter 
was < 10/am), as illustrated in the sequence presented in figures 8(a-d). In this sequence, the 
particles are represented by circles, and figures 8(a--d) correspond to times of flight of 7.2, 7.9, 8.6 
and 9.4 ms, respectively. Figure 8(d) shows that almost all of the particles have completely 
vaporized by 3.25D. Thus, these particles have little time to interact with the large vortices at the 
end of  the transition region and are not dispersed beyond the jet mixing layer. Therefore, dispersion 
should be underpredicted by the type I approximation. 
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The relative difference between dispersion predicted by the type I approximation and that given 
by the general case is largest at early times of  flight where the relative difference may be as great 
as 80% at times on the order of  1 ms. This difference is caused by the low value of drag and the 
high value off~ in the near-nozzle region. The error in dispersion decreases from its peak value 
near the nozzle but it still remains large downstream, approaching a fairly constant value of about 
25%. This indicates that it is advisable that the general equation is used for large particles 
vaporizing under typical combustor conditions in order to obtain reasonable estimates of  particle 
dispersion. This conclusion, of course, presupposes the validity of  the modified BBO equation 
under these conditions; this is still open to question. Nevertheless, given the use of this equation 
in spray models, a self-consistent treatment of  the problem would suggest that turbulent dispersion 
under combustor conditions may require consideration of terms in addition to drag. 
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5. CONCLUSIONS 

In this study it was found that circumferential velocity fluctuations do not play a major role in 
particle dispersion in the transition of a round jet. This is an important conclusion because it 
validates the use of axisymmetric models for the transition region, which may yield large reductions 
in computational time. 

The Basset, virtual mass, fluid and buoyancy forces were found to increase in importance relative 
to the drag force as the particle diameter and the pressure increased for a fixed efflux of momentum 
and jet structure. At low pressures or for large ratios of particle to gas density, the Basset force 
was much more important than the fluid, virtual mass and buoyancy forces, while at high pressure 
all of the forces were of approximately equal significance, especially for large particles. Similar 
conclusions have been drawn in the past by Hjelmelt & Mockros (1966) and Lazaro & Lasheras 
(1989), but their conclusions were pertinent to Stokesian motion and were not developed for a 
turbulent shear flow. The results of this study show that these researchers' results are still relevant 
for non-Stokesian particle gas interactions and can provide reasonable, qualitative estimates of the 
situations when the complete set of forces should be included in a particle's force balance. The 
phenomenon of particles being "flung" outside the jet was described by Chung & Troutt (1988) 
and was confirmed in this study. At higher droplet Re values and pressures it was found that their 
nondimensional ratio of particle-to-gas time scales could not be used to predict this phenomenon 
reliably; a high Re correction to the particle response would be required. 

This study has shown that by neglecting the Basset, virtual mass and fluid forces, radial 
dispersion will be underestimated while the particles are in the jet. Furthermore, for those particles 
which continue downstream after the last coalescence of rings, the Basset, fluid and virtual mass 
forces can still play a role in the dispersion process for large particles, even though the base flow 
frequency is reduced 8-fold. For instance, the error produced in radial dispersion by neglecting the 
Basset, virtual mass and fluid forces after the final coalescence was a constant 20% for the 150 gm 
dia particles in 1 bar, 300 K air. 

The Basset, virtual mass and fluid forces were also found to be important for vaporizing, 150 #m, 
octane particles at a typical combustor pressure and temperature of 20 bar and 1500 K, respectively. 
In fact, the radial dispersion was underestimated by over 25% for a significant portion of the 
particles' history by using only the drag force. In order to correctly predict the behavior of a typical 
spray combustion system such as a gas-turbine combustor, consideration should be given to the 
inclusion of the Basset, virtual mass and fluid forces although computational penalties may prohibit 
an implementation of the full equation in a practical calculation. 
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